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Abstract
This paper provides new lower bounds for specific van der Waerden numbers. The number W (k, r) is the least
N such that any r-coloring of the integers 0 . . . N − 1 contains a length k monochromatic arithmetic progression; its
existence is implied by van der Waerden’s Theorem [vdW27]. We exhibit r-colorings of 0 . . . n− 1 that do not contain
monochromatic arithmetic progressions of length k to prove that W (k, r) > n. We constructed these colorings using
existing techniques. Rabung’s method [Rab79], given a prime p and a primitive root ρ, applies a color given by the
discrete logarithm base ρ mod r and concatenates k−1 copies. We also used Herwig et al’s [HHvLvM07] Cyclic Zipper
Method as improved by Rabung and Lotts [RL12], which doubles or quadruples the length of a coloring. In addition,
we applied Xu’s technique [Xu13] for “multiplying” colorings by applying them recursively. We used dramatically
more computing power than previous results of around 2 teraflops for 12 months through distributed computing. This
allowed us to check all primes through 950 million, compared to 10 million by Rabung and Lotts. Our objective was
to gain insight into the growth rates in k of van der Waerden numbers. After checking k through length 25, our lower
bounds on W (k, r) appeared to grow roughly exponentially in k, with a ratio converging towards r for r equals 2 and
3. Given that these constructions (and only these constructions) produce tight lower bounds for most known exact van
der Waerden numbers, this data suggests that exact van der Waerden Numbers grow exponentially in k with ratio r
asymptotically, which is a new conjecture, according to Graham [Gra16].
1 Introduction
Van der Waerden’s Theorem [vdW27] states that given integers k ≥ 3 and r ≥ 2, for sufficiently large N , any r-coloring
of the integers 0 . . . N − 1 has a monochromatic arithmetic progression of integers of length k. The van der Waerden
Number, W (k, r), is the smallest such N . The 2-coloring of 0. . . 7 BGGBBGGB (where B is blue and G is green)
does not have a monochromatic arithmetic progression of length 3. If we were to extend this to 0 . . . 8 by coloring 8
blue, we would obtain BGGBBGGBB, which has the color B in positions 0, 4, and 8. Adding a G to the end, we
get BGGBBGGBG, which has a G at positions 2, 5, and 8. In fact, with only two colors, there is no 2-coloring of
0 . . . 8 that does not have a monochromatic arithmetic progression of length 3. Therefore, W (3, 2) = 9.
Only seven van der Waerden numbers are known exactly. They are shown in Table 1 without the > symbol. For
other k and r, only upper and lower bounds are available. Gowers [Gow01] proved the upper boundW (k, r) < 22
r
22
k+9
.
The formula provides an upper bound for W (3, 2) with 100 million digits, even though W (3, 2) = 9. The known lower
bound formulas grow much more slowly than this upper bound. For example, Berlekamp [Ber68] showed that if p is
prime, then W (p+ 1, 2) ≥ p(2p − 1). In other words, our knowledge of the growth rates of van der Waerden Numbers
is extremely limited. The 7 van der Waerden numbers that are known are much closer to the values given by lower
bound formulas than they are to the values given by Gower’s upper bound. We provide numerical evidence on the
growth rate of W (k, r) in k based on certain known constructions and point to evidence that these are optimal.
Finding exact van der Waerden numbers seems to be computationally difficult. The last two exact numbers discov-
ered, W (6, 2) [KP08] and W (4, 3) [Kou12], were found employing SAT solvers and special purpose computers. Those
authors stated that W (7, 2) was not computable at this time.
This research topic is part of Ramsey Theory, which studies how large a structure has to be to guarantee that it has
some property. For example, Ramsey Numbers specify how many vertices a graph must have to have a complete sub-
graph of k vertices or an empty subgraph of k vertices. Ramsey Theory, including the study of arithmetic progressions,
has important applications. Work on progression-free colorings led to Green and Tao’s [GT08] proof that there are
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arbitrarily long arithmetic progressions of prime numbers. Ramsey Theory also has applications in computer science
such as fast matrix multiplication [CW90]. While there is a dynamic survey of small Ramsey Numbers [Rad17], this
paper is the first to compile all known lower bounds for van der Waerden numbers, which can be seen in Table 1.
This paper provides new lower bounds for specific van der Waerden numbers by giving r-colorings of 0 . . . n − 1
that do not contain a monochromatic arithmetic progression of length k. The coloring BGGBBGGB, for example,
can be seen as a certificate showing that W (3, 2) > 8. We used three known constructions of certificates, all of which
require finding primes with certain properties. We applied substantially greater computing power than in previous
work, maintaining 2 teraflops over 12 months through distributed computing. By doing so, we were able to check
all primes through 950 million to construct the best certificates possible using these methods through length 24. By
contrast Rabung and Lotts [RL12] checked all primes through 10 million and k through 12. The growth rates of the
lower bounds given by our computations may give insight into the growth rates of van der Waerden numbers since
there is some evidence that these constructions give tight lower bounds.
The paper is organized as follows. Section 2 presents the three known constructions of certificates for establishing
lower bounds. Section 3 gives reasons to believe that these constructions establish tight lower bounds. Section 4
explains the computational resources employed to find these constructions. Section 5 describes the lower bounds that
were found and presents a conjecture on the growth rate of van der Waerden numbers in k.
2 Constructions
We used four existing constructions ( [Rab79], [HHvLvM07], [Xu13], [BCT17]) and applied substantially greater com-
puting power.
First, Rabung’s method, which he attributes to Folkman, provides a coloring of the integers 1 . . . p− 1 that colors
the nth entry logρ n mod r, where ρ is a primitive root of p and logρ n is the discrete logarithm defined as m such that
ρm = n mod p. The choice of primitive root does not affect the length of the certificate or the length of the longest
monochromatic arithmetic progression. Rabung shows there is a shortcut for determining the longest monochromatic
arithmetic progression in this certificate. Suppose there is a monochromatic progression of length 3 and spacing d at
positions a, a + d, a + 2d, in which case logρ a = logρ a + d = logρ a + 2d mod r. Find d
−1 ∗ d = 1 mod p. Then
multiply through by d−1 so logρ d
−1a = logρ d
−1a + 1 = logρ d
−1a + 2 mod r, which is an arithmetic progression of
spacing 1. Therefore, there is a monochromatic arithmetic progression of spacing d and length 3 in 1 . . . p − 1 if and
only if there is a monochromatic arithmetic progression of spacing 1. Consider an r-coloring of 0 . . . (k− 1)p such that
position n is given color logρ n mod r if n is not in the set 0, p, 2p, . . . , (k − 1)p. Assign any colors to members of
that set so that not all have the same color. Rabung’s theorem states that this coloring contains no monochromatic
arithmetic progression of length k if and only if: (a) there is no monochromatic arithmetic progression of spacing 1 in
1 . . . p− 1 and (b) if 1 and p− 1 have the same color then 1, 2, . . . , (k − 1)/2 do not all have the same color, while if 1
and p− 1 have different colors then 1, 2, . . . , (k − 1) do not all have the same color.1
As an example, take a prime number p (shown in parentheses in Table 2) and a primitive root of that num-
ber. For example, let p equal 11. See that W (4, 2)- has 11 in parentheses. Because 2 is a primitive root of 11, its
powers up to 210 (2,4,8,16,32,64,128,256,512,1024) modulo 11 are all distinct, and equal (2,4,8,5,10,9,7,3,6,1). Color
the certificate green and blue in alternation and get (2,4,8,5,10,9,7,3,6,1). Reordering this sequence, we obtain
(1,2,3,4,5,6,7,8,9,10), or BGBBBGGGBG. We apply this coloring to 12 . . . 21 and 23 . . . 32. We may choose
any coloring for 0, 11, 22, and 33, as long as they are not all equivalent. Rabung’s Theorem states that the resulting
certificate contains a monochromatic arithmetic progression of length k if and only if there is one in the original certifi-
cate. Observing that the longest monochromatic arithmetic progression of spacing 1 is of length 3 (B in positions 3,4,5
and G in positions 6,7,8), we establish that the final certificate contains no monochromatic arithmetic progressions of
length 4. The existence of this certificate of length 34 proves that W (4, 2) is greater than 34. In fact, W (4, 2) = 35
(Table 1). We used Rabung’s method exhaustively to check for all primes up to 950 million.
Second, we used the Cyclic Zipper Method of Herwig et al [HHvLvM07], a method that doubles the length of a
sequence generated by Rabung’s method by interleaving it with itself after being spread, turned, and shifted. That is,
given a k-coloring χ of 1 . . . p−1, construct a zipped coloring χz of 1 . . . 2p−2 such that χz(2i) = χ(i) for i in 1 . . . p−1.
This determines the even positions of χz. For i in
p+ 1
2
. . . p− 1, let χz(2(i−
p− 1
2
)+1) = χ(i)+ k/2 mod k. For i in
1 . . .
p− 1
2
, let χz(2(i+
p− 1
2
) + 1) = χ(i) + k/2 mod k.2 3 We used this method for k up to 18 based on primes up
to 40 million and r up to 10, using code shared by Rabung and Lotts [RL12].4 We did find some lower bounds using
this method, but they were outperformed by the method described in the next paragraph.
1The choice of primitive root does not affect the length of the longest monochromatic arithmetic progression.
2For code zip a coloring, see https://github.com/mlotts/van-der-waerden-zipper/blob/master/zipper/zipperFinal.c.
3In Table 2, lower bounds based on this method are marked Z. In some cases, Herwig et al [HHvLvM07] and Rabung and Lotts [RL12] were
able to zip a certificate twice and quadruple its length. In Table 2, these are marked ZZ.
4It can be found at: https://github.com/mlotts/van-der-waerden-zipper.
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The third method that we applied was Xu’s [Xu13] multiplying of certificates by applying colors recursively. He
shows how to use an s-coloring and a t-coloring to create an st-coloring. For example, each B in BGGBBGGB is replaced
with YRRYYRRY and each G with PVVPPVVP. This creates a 4-coloring of 0 . . . 63 that avoids a monochromatic
arithmetic progression of length 3 (this is not an improvement on W (3, 4) = 76). He defines WR(k, r), or the ring van
der Waerden number, as a coloring of Zn, or a van der Waerden number that consider arithmetic progressions modulo
n, such as n− 3, n− 1, 1, 3. He states that if k ≥ 3, s ≥ 2, t ≥ 2, 5 ≤ n < WR(k, s), and the least prime divisor of n is
greater than k, then W (k, st) > n(W (k, t)− 1) + 1.
Finally, Blankenship et al [BCT17] showed that W (k, r) > p · (W (k, r − ⌈ r
p
⌉) − 1), where p is prime and less than
or equal to k. This generalizes Berlekamp’s [Ber68] lower bound for r = 2.
3 Evidence for Optimality of Constructions
Given that the constructions above yield tight lower bounds for most exact van der Waerden numbers, this data may
shed light on the growth of exact van der Waerden Numbers. Five of the seven known exact van der Waerden numbers
(except W (3, 2) and W (3, 3)) have tight lower bounds based on Rabung’s method and Cyclic Zipping.
In particular, W (4, 2) = 35, while Rabung’s Method gave a lower bound of 34. Kouril [Kou12] also showed that all
maximal certificates forW (4, 3) = 293, that is, all 3-colorings of 0 . . . 291 free of monochromatic arithmetic progressions
of length 4, have the form given by Rabung’s method with prime 97. In addition, Kouril and Paul [KP08] found that
all maximal certificates for W (6, 2) = 1132 are of the form generated by the cyclic zipper method with prime 113.
However, there are cases where SAT solvers have outperformed Rabung’s method plus Cyclic Zipping. For instance,
in W (5, 3), a SAT solver [HMN09] beat those two methods.
There is another reason to expect Rabung’s method to give good lower bounds. If logρ n = logρ n+ 1 = logρ n+ 2
mod r, which is an arithmetic progression of spacing 1 and length 3, then for any c, logρ cn = logρ cn+ c = logρ cn+2c
mod r, which is an arithmetic progression of spacing c. Therefore, these sequences are full of arithmetic progressions
of length k − 1 of every possible spacing, which is a reason to think they are good lower bounds for W (k, r). This is a
property that sequences not generated using Rabung’s method are unlikely to have.5
4 Computations
We used Berkeley Open Infrastructure For Network Computing (BOINC), to distribute the work among our volunteers’
computers. We were able to get over two teraflops of computing power, or about two trillion floating point operations
per second, over 12 months. Two computers applied Rabung’s method to each prime to validate the results. There
were a total of 516 volunteers and 1760 computers in 53 countries. We created both Linux and Windows versions and
wrote the program in C++ for speed. Each computer was assigned as input a range of primes and outputted lower
bounds associated with each prime. The server consolidated the output into a table of best lower bounds as shown in
bold in Table 1.
There are a number of reasons that a reader should have confidence in the results reported. First, two computers
verified each computation in the BOINC project. Second, we reproduced all known lower bounds found using these
methods. Third, the reader can verify that the primes in Table 2 give the lower bounds in Table 1, for instance, using
our source code or that of Rabung and Lotts.6 Verifying that the primes we found in Table 2 give the best lower bounds
would require similar resources as our project i.e. 2 teraflops for 12 months.
5 New Lower Bounds
We found new lower bounds for greater r and k than in previous work, as can be seen in Tables 1-3. These new
lower bounds are shown in bold. The lower bounds that are not in bold are the best known of previous work:
Rabung and Lotts [RL12], Herwig et al [HHvLvM07], Kouril and Paul [KP08], Landman et al [LRC05], Landman and
Robertson [LR14], and Rabung [Rab79]. We checked the number of colors, r, up to 7, and the length of the subsequence
trying to be avoided, k, up to 25.
Our lower bounds on W (k, 2) grow roughly exponentially as k increases. Let W ′(k, r) be this paper’s lower bounds.
The ratio
W ′(k, 2)
W ′(k − 1, 2)
seems to oscillate between 2 and 2.7 when k > 14, which is shown in Figure 1. The ratio
W ′(k, 3)
W ′(k − 1, 3)
seems to hover around 3 or 4. We conjecture:
5It does not appear to have been observed in the literature that Rabung’s transformation can be applied to permute any coloring of 0 . . . p−1
to change the spacing within progressions but their lengths. For instance, if χd is defined as χd(i) = χ(di), then a monochromatic arithmetic
progression of spacing c in χ where progressions are considered modulo p becomes a monochromatic progression of spacing dc in χd.
6Our source code can be found at https://github.com/hmonroe/vdw.
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Conjecture. lim
k→∞
W (k, r)
W (k − 1, r)
= r.
There are several lower bound formulas that have this property. Berlekamp’s [Ber68] bound, which states that
W (p+1,2) ≥ p(2p−1) for primes p. Blankenship et al [BCT17] state thatW (p+1, r) > pr−12p for primes p, which is a
generalization of this bound. Szabo´ [Sza90] found a lower bound for W (k, 2) ≥ 2
k−1
ek
. Landman and Robertson [LR14]
state that for primes q, p ≥ 5, W (p+ 1, q) ≥ p(qp − 1) + 1. 7 Ronald Graham has offered a prize of US $1000 to show
that W (k, 2) < 2k
2
; the conjecture above would imply a slower growth rate.
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Figure 1. Growth Rate of Lower Bounds W ′(k, r)
2 colors
3 colors
4 colors
7Assuming that discrete logarithms modulo r behave like independent coin flips with heads of probability 1/r, a heuristic argument that
Rabung’s lower bounds grow roughly with ratio r in k is that the expected value for the longest run of heads in p consecutive coin flips is of
order k = O(logr p) [Sch90]. This suggests that p is of the order k
r .
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Table 1: Lower Bounds for W (k, r)
2 colors 3 colors 4 colors 5 colors 6 colors 7 colors
Length 3 9 27 76 >170 >225 >336
Length 4 35 293 >1,048 >2,254 >9,778
Length 5 178 >2,173 >17,705 >98,741 >98,754 >493,705
Length 6 1,132 >11,191 >157,348 >786,740 >1,555,549 >3,933,700
Length 7 >3,703 >48,811 >2,284,751 >15,993,257 >111,952,799 >783,669,593
Length 8 >11,495 >238,400 >12,288,155 >86,017,085 >602,119,595 >4,214,837,165
Length 9 >41,265 >932,745 >139,847,085 >978,929,595 >6,852,507,165 >47,967,550,155
Length 10 >103,474 >4,173,724 >1,189,640,578 >8,327,484,046 >58,292,388,322 >408,046,718,254
Length 11 >193,941 >18,603,731 >3,464,368,083 >38,108,048,913 >419,188,538,043 >4,611,073,918,473
Length 12 >638,727 >79,134,144 >37,054,469,451 >407,599,163,961
Length 13 >1,642,309 >251,282,317 >224,764,767,431
Length 14 >3,118,350 >669,256,082 >748,007,969,550
Length 15 >8,523,047 >2,250,960,279
Length 16 >16,370,086 >9,186,001,216
Length 17 >46,397,777 >15,509,557,937
Length 18 >91,079,252
Length 19 >250,546,915
Length 20 >526,317,462
Length 21 >1,409,670,741
Length 22 >2,582,037,634
Length 23 >6,206,141,987
Length 24 >10,980,093,212
Length 25 >23,003,662,489
> means the actual number is unknown but we know it is more than that number. The lower bounds that are bold are new or have been
improved by this paper.
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Table 2: Primes Used to Find Lower Bounds for W (k, r)
2 colors 3 colors 4 colors 5 colors 6 colors 7 colors
Length 3 37 3 · (W (3, 4)− 1)
Length 4 11 97 349 751 3,259
Length 5 11ZZ 2,213Z 5 ·W ′(5, 5)
Length 6 113Z 1,132x139 5 ·W ′(5, 4) 11,191x139 5 ·W ′(6, 5)
Length 7 617 3,703x617 7 ·W ′(7, 4) 7 ·W ′(7, 5) 7 ·W ′(7, 6)
Length 8 821Z 34,057 11,495x1,069 7 ·W ′(8, 4) 7 ·W ′(8, 5) 7 ·W ′(8, 6)
Length 9 116,593 41,265x3,389 7 ·W ′(9, 4) 7 ·W ′(9, 5) 7 ·W ′(9, 6)
Length 10 11,497 463,747 103,474x11,497 7 ·W ′(10, 4) 7 ·W ′(10, 5) 7 ·W ′(10, 6)
Length 11 9,697Z 1,860,373 193,941x17,863 11 ·W ′(11, 4) 11 ·W ′(11, 5) 11 ·W ′(11, 6)
Length 12 29,033Z 7,194,013 638,727x58,013 11 ·W ′(12, 4)
Length 13 136,859 20,940,193 1,642,309x136,859
Length 14 239,873 51,481,237 3,118,350x608,789
Length 15 608,789 160,782,877
Length 16 1,091,339 612,400,081
Length 17 2,899,861 969,347,371
Length 18 5,357,603
Length 19 13,919,273
Length 20 27,700,919
Length 21 70,483,537
Length 22 122,954,173
Length 23 282,097,363
Length 24 477,395,357
Length 25 958,485,937
The numbers above are the primes we used to find the lower bounds. Results with the Cyclic Zipper Method [HHvLvM07] are shown above.
Z=zipped once, ZZ=zipped twice. Entries with two numbers separated by an “x” are the numbers used in Xu’s [Xu13] method. Entries with
a prime and van der Waerden number separated by a · were produced with Blankenship et al’s [BCT17] recurrence relation. The lower
bounds that are bold are new or have been improved by this paper. For primes close to 1 billion, there may be better primes above 1 billion
which we did not check.
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Table 3: References for Lower Bounds for W (k, r)
2 colors 3 colors 4 colors 5 colors 6 colors 7 colors
Length 3 [Chv70] [Chv70] [BO79] [HvM09] [BCT17] [Kom17]
Length 4 [Chv70] [Kou12] [Rab79] [Rab79] [Rab79]
Length 5 [SS78] [HMN09] [HHvLvM07] [Kom16] [Kom16] [BCT17]
Length 6 [KP08] [HMN09] [Xu13] [BCT17] [Xu13] [BCT17]
Length 7 [Rab79] [SAT16] [Xu13] [BCT17] [BCT17] [BCT17]
Length 8 [HHvLvM07] [HHvLvM07] [Xu13] [BCT17] [BCT17] [BCT17]
Length 9 [HHvLvM07] [RL12] [Xu13] [BCT17] [BCT17] [BCT17]
Length 10 [Rab79] [RL12] [Xu13] [BCT17] [BCT17] [BCT17]
Length 11 [RL12] [RL12] [Xu13] [BCT17] [BCT17] [BCT17]
Length 12 [RL12] [RL12] [Xu13] [BCT17]
Length 13 [LXSB12] * [Xu13]
Length 14 [LXSB12] * [Xu13]
Length 15 [LXSB12] *
Length 16 [LXSB12] *
Length 17 [LXSB12] *
Length 18 [LXSB12]
Length 19 [LXSB12]
Length 20 [LXSB12]
Length 21 *
Length 22 *
Length 23 *
Length 24 *
Length 25 *
The asterisks (*) represent the lower bounds that this project found.
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